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Topic 11-Review of

Power Series&
Def: An infinitesum is a

sum
of the form

2 an = a
,

+ a
,
+ az + azt ..

o
This sum starts at n = 0

,
but &

[ you can startn
at any

number

converg es

We say
that the above sum -

T if

to S and writean =

lim [a]=
#

N + X

Sli...an]



P

⑯partial
If no suchS exists ,

then

the seriesiverges . -

-

Ex: Consider

(2)=++3 + + is

n = 1

Let's calculate

some partial sums .
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.
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-

3+ y+3 = 0 .

875
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9375

->0.as
-
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. 9490. 9911182

-

-1911139 ..

-



309's

In Cak # (Math 2120)

you
show that

=It
n = 1

--

Let: A power
series is
-

an infinite sum of the form

& an (x)" = a + a (x-x
+ Gz(x- Xo)

+ as(X- Xo)
+,



Where Xo
,

a
,

9 , 12 are constants

and x is a variable.

We say the power series

-entredaam

x = 1 + X + X ++

= 1 + 1 . (x- 0) + 1 . (x - 0)" +
-

I

Zo
S 8% T

j

0
Xo = 0 is center



-

Exi

-3
= 1 + z(x-3) + z2(x-3)2+ , .

ecenter is Xo = 3

Ex: (Back to geometric series ...

In Calculus you
show that

x= ifxx

n = 0

-

1 + x + x + x + x

The sum diverges
otherwise .



For example,

+
=a=y = 4

↑
And

=H
diverges tox since

X =
I does not satisfy-1X1 .

If we write

f(x) =x



then we can plugin-1X) but

not other X's
.

In a picture we get :

diverges
converges

gerges-
1111111114S X

- I 0 = Xo
I

(center
-11

r = 1

r = 1 is called the radius

of convergence.

-



Ex Recall from Calculus :

-
=x+ πx + &x+ x+

=
l + X + Ex+ 5X +...

0 ! = 1

1 ! = 1
This series&

2 ! = 2 . 1 = 2

converges
for> every

3 ! = 3 . 2 . 1 = 6
X -

4 ! = 4 . 3 . 2 . 1 = 24
The center is Xo= 0.

i

X

11/X///////
Xo = 0

You can plug any x into sum.

The radius of convergence is r = X.



Radius of convergence
facts :

-

There are
three possibilities

for a power
series

(x-x= a + a
,
(x-X

+a2(X-Xo)

+ ag(X - Xo)3 + ,

entered
at Xo -

0 The series only
X = Xo

Converges when

diverges
converges diverges

111111111111
X

&

=is the radius of convergence



② there exists no where

the series converges for all

X with Xo-r > X Xotr

diverges
converges diverges

///IN91/IN111111
X

Xo- r Xo V
o
f r

#14
r

r

It can diverge or
converge

at

the endpoints Xo-r
and Xotr .

of

~ is called the radius convergence

-

③ the series converges for all X.

r = x
is the radius of convergence.

converges

~(((((((((((((II
X

-



Ex: Recall

Sin(x) = X - +x+x+ x*+ ..

7 !

cos(x) = 1 - x+ x*-y x*+ ,

These both converge
for all X.

radius of convergence is r =

Both are centered at Xo = 0.

So
,
for example,

-[in()
= 2-(2+ 125--+..



Ex: Recall

In(x)=t

= (x - 1) - z(x- 12 + 5(x- 1) + .

This series converges
for OLX12 .

converges diverges
diverges

III= Xo

-=
r = 1

picture of

o
power series

X

is radius↓ ⑰of convergence



Ex: If = 1[X11,
then

tan(x)=
= X - Ex+ 5x* * x

*
+...

converges diverges
diverges
/11/11/IIIIIIIIII

- I
= Xo

1-1r = 1
r = 1

w = ) is radius of convergence

-

fact: can use the

above to approximate it.



=tan(1)
power

series above

Thus,

=
4-+-+..



Theorem: (Taylor series

If

f(x)=(x-x

has radius of convergence O .

Then,

an=x
So ,

f(x) = f(x) + f(x- x0)

+ Fd(x-xo
+ Ho(x-xoto



Ex: Find the power
series

for f(x) = X centered at Xo= 2.

-plug in center Xo = 2

f(x) =x f(z) = 4

f(x) =2x f(z) = 4

f"(x) = 2 & f"(z) = 2

f'(x) = 0 - +" (2) = 0

all
f""(x) = 0

all
& f"(z) = 0

% : I O

i :
&

x* = f(z) + f(z)(X-2) + (2)(x- 2)
mu

f(x) +...
Zero

= 4 + 4(x -2) + (x- 2)2



So ,

+4(x- 2) + (x -2)2

This will converge
for every X

since its just a
finite sum .

converges

11(Illll
X

is r = X
.

radius of convergence

-

Eact: You can
differentiate

or integrate a
function by

differentiating or
integrating

it's power
series

term by term .

This process
doesn't change

the radius of convergence.



Ex
Tn(x) = (x - 1) - z(x-1)+ 5(x- 1) = f(x- 1)"+ .

diverges
converges

diverges-7/111111111111 N11111111= Xo

1
r = 1 r = 1

Let 0 < X 2

Differentiate both sides of above

Y = 1 - (x - 1) + (x - 13 - (x- 1) + 1

diverges
diverges converges

1111111111111111
X

2
g = Xo

1
r = 1

Same radius r = 1
,

but endpoints
convergence .

not same


